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We extend the theoretical machinery of Landau-Fermi liquid theory to a general system of inter-
acting Majorana fermions. By adiabatically connecting the interacting eigenstates to those of the
non-interacting Majorana-Schwinger gas, a Landau-Majorana-Silin kinetic equation is introduced,
which reveals a Lifshitz transition in the Landau-Majorana liquid (LML) at large screening. The
dispersion of the zero sound collective mode and an expression for the compressibility in the screened
limit are derived. Our calculations predict the onset of Pomeranchuk instabilities in the LML for
highly attractive interactions, supporting the hypothesis that Landau-like quasiparticles are a robust
feature of a low-temperature quantum liquid of self-adjoint fermions.
Introduction. Majorana fermions were originally in-
troduced as neutral solutions to a symmetrized Dirac
equation1. First proposed in the context of funda-
mental particle physics, Majorana particles have expe-
rienced a renaissance in the condensed matter commu-
nity with the proposal that collective excitations in sym-
metry protected topological phases of matter support
self-conjugate edge excitations known as Majorana zero
modes (MZMs)2–9. More recently, quantum spin liquids
(highly disordered spin systems with intrinsic topologi-
cal order) have been shown to support Majorana excita-
tions that are free to propagate through the bulk of the
lattice10. Whereas the long-range entanglement of MZM
pairs forbids the coherent definition of a Majorana num-
ber operator, the Majorana quasiparticle found in gapless
spin liquids behaves more akin to a conventional complex
fermion. The non-Abelian phase of the Kitaev spin liq-
uid on the hyperoctagon lattice (a proposed model of β-
Li2IrO3) is suggested to host a “Majorana metal” with a
well-defined neutral Fermi surface11, while recent Raman
spectroscopy measurements on Majorana excitations in
the Abelian phase of α-RuCl3 (a proposed realization of
a 2D Kitaev honeycomb lattice) hints at low-temperature
fermionic behavior12.
The Majorana representation of some general spin-
1/2 disordered state is not limited to the field of Kitaev
materials. One of the first condensed matter applica-
tions of the Majorana representation beyond the simple
spin-1/2 antiferromagnet13–15 was to a simple description
of the low-energy spin Hamiltonian of the two-channel
Kondo problem16,17. The Kondo insulator SmB6 has be-
come of particular interest, as recent experiments appear
to indicate the presence of a Fermi surface in the in-
sulating phase of the material18,19. Similar physics is
seen in the Z2 fractionalized Fermi liquid theory, where
a sharp Fermi surface is shown to exist while the sys-
tem simultaneously violates the Luttinger count20. As
such, we cannot associate the sharp discontinuity in the
Fermi momentum distribution with a traditional Landau
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quasiparticle weight, as it appears that such a sharply
defined Fermi surface might be a robust feature inher-
ent to the Majorana physics describing the bulk. In-
terestingly, ARPES measurements seem to suggest that
this conducting state is not the result of some topolog-
ical properties of this specific Kondo insulator21. This
has prompted the suggestion that SmB6 (as well as cer-
tain Kitaev materials22,23) harbors a “Majorana-Fermi
sea”, where the Majorana reality condition imposes a se-
vere retardation of hole-like excitations24,25. A “Landau-
Majorana liquid” would explain why Fermi liquid-like
properties remain in the bulk of the low-temperature
Kondo insulator26,27.
In this paper, we propose a natural extension of
Landau-Fermi liquid theory to investigate the collec-
tive features of an ensemble of interacting Majorana
fermions. Although the concept of a Majorana liquid has
previously been suggested to unify the two competing
views (fermionic vs. bosonic spinons) of electron frac-
tionalization in spin liquids28, there has been no attempt
to describe the non-equilibrium excitations in a liquid
of self-conjugate fermions via the Landau quasiparticle
paradigm. In a previous work29, we explicitly derived
the low-temperature momentum distribution function
of non-interacting, anti-symmetric particles that obey
the Majorana reality condition. We find that mutual
pairwise annihilation of these “Majorana-Schwinger
fermions” (so-called because they exhibit an analogous
spin-statistics relation) results in an increased stability
of the Majorana Fermi surface against thermodynamic
smearing. This tells us that the robust Fermi surface
found in the Kondo insulator SmB6 and certain Kitaev
materials might be a universal feature of many-body
Majorana-Schwinger systems, and motivates us to build
a Landau-Majorana liquid theory by suppressing the
hole contribution in the Landau-Silin kinetic equation.
Majorana-Landau-Silin Kinetic Equation. In order to
build the theory of a Landau-Majorana liquid (LML),
we must first be able to coherently describe the eigen-
states of the non-interacting system30. This was done in
a previous work29, where the low-temperature momen-
tum distribution n˜kσ of the free Majorana-Schwinger gas
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2in the thermodynamic limit is found to be
n˜0kσ ≈ Θ<(kF − k) + Θ'(k − kF )n0kσ (1)
where n0kσ is the momentum distribution of the free Fermi
gas, and Θ<(kF − k) and Θ'(k − kF ) are Heaviside
step functions that are discontinuous and continuous at
k = kF , respectively. Even though the eigenstates of an
LML lack an isomorphism with the eigenstates of a non-
interacting Fermi gas, we may still impose a one-to-one
correspondence between the density fluctuations of the
non-interacting and interacting Majorana systems. This
is done by assuming, much as Landau did for the Landau-
Fermi liquid (LFL), that the bare momentum distribu-
tion changes as an analytic function of the interaction
strength. This is similar to the Landau phenomenology
considered in the ferromagnetic Fermi liquid, where an
isomorphism is constructed between the eigenstates of
the interacting spin excitation spectrum and the equilib-
rium magnetic system, as opposed to that of the tradi-
tional Fermi-Dirac distribution31–33. Although the self-
conjugacy of the Majorana-Schwinger particles leads to
the possibility of mutual annihilation if we perturb the
system, we assume the fraction of particles that annihi-
late is not dependent on the interaction strength. This
is apparent from the low-T description of the Kondo in-
sulator SmB6, as a robust Fermi surface (the hallmark
of the Majorana-Schwiner gas) and a LFL-like linear-T
specific heat is found in the bulk even in the presence of
strong interactions19,26.
The above argument allows us to write the density fluc-
tuation δn˜kσ in the LML as
n˜kσ − n˜0kσ ≡ δn˜kσ = Θ'(k − kF )δnkσ (2)
We see that, as in previous descriptions of the Majorana-
Fermi sea24, the quasihole state is significantly sup-
pressed. Because the Heaviside step function is an ap-
proximation only valid in the thermodynamic limit29, we
rewrite it as a Fermi-like function near the Majorana-
Fermi surface:
Θ'(k − kF ) ≈
1
1 + e−
k−kF
α
≡ F(k, α) (3)
where α is a tunable parameter that we call the Majorana
constant or parameter. Such a constant parametrizes the
finite-system effects not taken into account in the deriva-
tion of the Majorana-Schwinger Boltzmann entropy, and
may therefore be interpreted as the length scale at which
Majorana-like effects become emergent. To ensure the
exponential remains unitless, we take α to have the same
units as kF .
The functional expansion of the Landau-Majorana free
energy is analogous to the Landau-Fermi case, and may
be written in two equivalent forms:
F − F0 =
∑
k
(k − µ)δn˜k + 1
2
∑
kk′
fkk′δn˜kδn˜k′ (4)
=
∑
k
(˜k − µF(k, α))δnk + 1
2
∑
kk′
f˜kk′δnk′δnk′
(5)
where ˜k and f˜kk′ are the regular Landau-Fermi liquid
quasiparticle energies and interaction parameters multi-
plied by F(k, α) and F(k, α)F(k′, α), respectively. Eq.
(4) is interpreted as a suppression of quasihole excita-
tions while maintaining LFL-like interactions. In con-
trast, Eq. (5) may be interpreted as a system with LFL-
like excitations with a suppressed interaction for k < kF .
We can therefore regard the LML as a regular Landau-
Fermi liquid with either retarded quasihole excitations or
with a suppressed interaction term below the Majorana-
Fermi surface. This allows us to define the Landau-
Majorana effective mass m˜∗ in terms of the Landau-
Fermi effective mass m∗ (see Appendix A), which gives
us m˜∗/m∗ ≈ kF /8α. As such, the LML may likewise be
considered to be a LFL with an effective mass rescaled by
α, and subsequently a severely suppressed particle-hole
continuum, given by (˜k+q − ˜k)/kF = 8αk3F
(
q2 + 2k · q).
A large effective mass is similarly seen from quantum os-
cillation measurements in the Kondo insulators YbB12
34
and the (011)-plane of SmB6
35, which have already
been suggested to harbor a neutral Majorana metallic
state16,18,24,25.
Taking the above interpretation, we are now in a po-
sition to write down the collision integral for the LML,
which is derived in Appendix B:
iI(n˜k) = F(k, α)
{
δnk
(
ω − q · vk
)
+
(
q · vk ∂n
0
k
∂k
+ q
{
1− F(k, α)
α
}
n0k
)
δk
}
(6)
In the limit of T → 0, we asymptotically approach the
collisionless regime. The term in the brackets is equal
to zero, and we are left with the Landau-Majorana-Silin
(LMS) kinetic equation36. Interestingly, in the limit of
α→∞ (i.e., the limit of zero annihilation cross-section),
the above reduces to the regular Landau-Silin kinetic
equation defining excitations in a Landau-Fermi liquid.
Distortions of the Majorana-Fermi sea. We now
want to derive the behavior of collective excitations
in the Landau-Majorana system. We may do this
by expressing Eqn. (6) in terms of the dimensionless
3parameters s = ω/qvF and cos θ =
q·vk
qvF
. We take the
unscreened and screened limits of the resultant equation,
defined by limq→0
ω→0
δnk′
δnk
= 0 and limw→0
q→0
δnk′
δnk
=
∂n0
k′
∂k′
askk′
respectively, where askk′ is the quasiparticle scattering
amplitude. The LMS equation is then recast in terms of
the Majorana-Fermi surface distortion νk:
νk +
cos θ
cos θ − s
∫
k′
fkk′
∂n0k′
∂0k′
νk′ +
F(ω, q)
4αvF
(
1
cos θ − s
)
= 0
(7)
where we have taken n0k(1− F(k, α)) ≈ η4 for k ' kF in
units η of the particle density, and
F(ω, q) =
{∫
k′ fkk′
∂n0
k′
∂k′
askk′ , screened
C, unscreened
(8)
where C is some constant. Note that the first two terms
in (7) are present in the Landau-Fermi liquid, while the
third term is unique to the interacting Majorana system.
Also note that in all calculations concerning zero sound
in this paper, we assume the main interesting features
in the collective excitations are from the ` = 0 channel.
We subsequently truncate all spherical harmonics to this
order.
For the unscreened Landau-Majorana liquid, the non-
interacting limit fkk′ → 0 yields the following simplifica-
tion:
νk − ν(0)k =
cos θ
s− cos θ
∫
k′
fkk′
∂n0k′
∂0k′
νk′ (9)
where ν
(0)
k is the Majorana-Fermi surface distortion in
the non-interacting limit. In the unscreened limit, the
net difference of the Majorana-Fermi surface distortion
from the non-interacting case (which might be non-zero
from emerging mutual annihilation) is equivalent to the
well-known Landau-Fermi liquid result.
The screened Landau-Majorana liquid is somewhat
more interesting. We can rewrite the value of νk in such
a limit as
νk =
cos θ
s− cos θ
(
1
1 + 1γ(cos θ−s)
)∫
k′
fkk′
∂n0k′
∂0k′
νk′ (10)
where
γ =
4αvF
η
(∫
k′
fkk′
∂n0k′
∂0k′
askk′
)−1
(11)
Note that the above term is unitless, as we have taken η
to be a unitfull constant in terms of the particle’s density.
The limit of γ → 0 is interpreted as a maximized
“Majorana-like” contribution to the momentum distribu-
tion function, and therefore a total suppression of quasi-
hole excitations. For no interaction, the system will be
“purely” Majorana-like. For a very strong repulsive inter-
action, the system will be equivalent to that of a Fermi-
Dirac system or nearly so due to a suppressed annihila-
tion cross-section.
The collective ` = 0 breathing mode (zero sound37,38)
for the Landau-Fermi (γ → ∞) result is apparent in
the above equations, and is the signature of dominant
forward-scattering between quasiparticles. For the LML,
the “purely” Majorana-Fermi surface retains its isotropic
shape while simultaneously being shifted by some small
amount. Such behavior is reminiscent of the ` = 1
breathing mode (first sound) observed in the LFL, except
with a net “backscattering” (i.e., θ = pi) contribution.
Emergent backscattering is evident from the unusually
large effective mass m˜∗ in the LML, which subsequently
leads to an increased number of interactions with large
momentum transfer.
Figure 1: Fermi surface distortion for the Landau-Fermi
liquid (dotted line) and Landau-Majorana liquid (solid
lines) vs. θ for a single fixed value of s = ω/qvF = 3,
η = 1, and several values of γ.
In Fig. 1, we see the Fermi and Majorana-Fermi sur-
face distortions for fixed values of the collective mode
velocity s = ω/qvF plotted vs. various values of γ.
As the value of γ passes through a certain threshold,
the Majorana-Fermi surface experiences exponential di-
vergence until it eventually settles into the regular zero
sound behavior of an LFL. From Eq. (11), singularities
occur when kˆ·qˆ = cos−1 (s− 1/γ). As γ →∞, we recover
the standard Landau damping of a LFL39,40.
We interpret this singularity as the onset of a change
of the Fermi surface topology brought about by in-
creasing γ and, hence, the gradual screening of the
effects of self-conjugacy in the quantum fluid. In a LFL,
such divergences appear when s is in the particle-hole
channel, however we avoid such a change in topology
(known formally as a Lifshitz transition41) by assuming
an angle-dependent interaction and subsequently per-
forming a simple contour integration. This leads to the
4prediction of Landau damping in the LFL. The robust
stability of the Majorana-Fermi surface brought about
by the self-adjoint behavior of the Majorana quasiparti-
cles “lifts” the Lifshitz transition above the particle-hole
channel. This results in an instability brought about
by a Fermi sea distortion governed by a linear Volterra
equation (see Appendix B), and hence the divergent
behavior cannot by described by a Landau-like damping
mechanism.
Zero Sound in a Landau-Majorana liquid. From
the above analysis, it appears that, although the LML is
highly stable, an increase in effective screening brought
about by stronger repulsive interactions leads to a highly
unstable Lifshitz transition, after which the reality
condition is completely suppressed and LFL behavior
is restored. To explore the system further, we derive
explicitly the interaction-dependence of the LML zero
sound.
The zero-sound in the screened Landau-Majorana sys-
tem is described by an equation similar to that describ-
ing the LFL zero sound37,38, except now we have an
additional term dependent on the scattering amplitude
As0 = a
s
0N(0):
1 +
1
2
log
(
s− 1
s+ 1
){
s+
As0
v˜
}
= − 1
F s0
(12)
where v˜ ≈ 4αN(0)vF /η and N(0) is the bare-particle
density of states. See Appendix C for derivation. We first
solve the above equation for |s| ∼ 1. In such a limit, the
value of As0/v˜ dwarfs the s in the parentheses, which leads
to the result that s ≈ coth (v˜/As0). Interestingly, the
above result is achieved for all values of |F s0 | < 1. This
is different from the LFL, where the regime −1 ≤ F s0 <
0 is heavily Landau damped. Like the LFL, the LML
appears to break the Landau paradigm as it approaches
the Pomeranchek instability at F s0 +1 = 0
42. However, it
is important to note that, as we approach this instability,
the value of s becomes on the scale of As0/v˜, and thus the
above approximation breaks down. We must therefore
consider the large s limit to investigate the zero sound
behavior further.
Assuming |F s0 | >> 1 leads to |s| >> 1 (as in the
LFL), Eqn. (12) simplifies to
1
F s0
=
1
3s2
+
(
F s0
3(1 + F s0 )v˜
)
1
s3
+
(
F s0
(1 + F s0 )v˜
)
1
s
(13)
The full solutions are rather lengthy, and are reproduced
in full in Appendix C. There are three equations for the
value of velocity s, each with differing dependence on the
interaction strength F s0 . This dependence is shown in
Fig. 2.
Figure 2: Behavior of the zero sound dimensionless
parameter s vs. interaction strength F s0 in the
Landau-Majorana liquid. The solid colors are real
solutions, while the dotted colors are imaginary. The
value of αN(0)vF /η is arbitrary; changing its value just
stretches and contracts the pitchfork pattern.
For large positive values of F s0 , there are two possi-
ble dispersions. The upper branch behaves as that of a
regular LFL, while we interpret the lower branch as orig-
inating from the collective shift of the Majorana-Fermi
surface under backscattering between exceptionally mas-
sive Majorana-Schwinger quasiparticles.
Below F s0 = 0, we observe the coexistence of a real
and imaginary portion to the dispersion. This regime
corresponds to the Landau damped regime, and unlike
the LFL system (where the imaginary term continues to
grow as F s0 becomes increasingly more negative, signaling
the onset of a Pomeranchuk instability), the imaginary
part of the renormalized LML zero sound velocity s dies
at a particular value of attractive F s0 , after which the
real part of s bifurcates into s1 and s2. Such bifurcat-
ing behavior is reminiscent of the unstable avoided level
crossing of collective modes in a toy model of coupled
spinor condensates43. The “pitchfork” dispersion pattern
occurs in these systems when the coupling strength be-
comes comparable to the interaction energy. In the LML,
it would then be reasonable to assume that bifurcation
occurs when the effects of mutual-annihilation becomes
comparable to the interaction strength. Also note that,
much as in the LFL, the region with a finite imaginary
contribution are highly unstable due to presence of the
suppressed particle-hole continuum. In the LML, how-
ever, this Landau-damped region encompasses a larger
region of negative interactions.
5Figure 3: Behavior of zero sound s vs. particle volume
density, with fixed Majorana parameter α = 1.0 and
fixed Landau parameter F s0 = −3500 for large densities.
We take units where η = 1. The solid colors are real
solutions, while the dotted colors are imaginary. The
vertical line denotes the analytic solution to the
bifurcation point n
(1)
c .
To better understand the LML zero sound bifurcation,
we plot the value of ω/q vs. the particle number density
n. This is shown in Fig. 3 and Fig. 4. The vertical
lines are the analytic results for the critical densitieis n
(1)
c
and n
(2)
c where bifurcation occurs (see Appendix C for
derivation):
n(1)c ≈
pi
8 · 31/4
(
η
√−F s0
α
)3/2
n(2)c ≈
pi
31/4
( η
α
)3/2
(14)
Rearranging the first of the above, we find that the value
of the Landau parameter F s0 at the point of bifurcation
is given by
F s0 = −
16α2k4F
3pi4η2
(15)
Therefore, for an interaction given by the above, the
imaginary portion is suppressed and bifurcation occurs.
In Fig. 4, a separate bifurcation is shown which occurs
at n
(2)
c and is independent of the interaction.
Compressibility of the Landau-Majorana liquid. From
the above analysis, we have shown that the zero sound
dispersion exhibits interesting bifurcation behaviors for
certain critical terms of either the interaction or the
density (depending on which we are holding fixed).
We now wish to explain the physical meaning of these
bifurcations. This can easily be done by looking at the
LML compressibility, given by
Figure 4: Behavior of zero sound s vs. particle volume
density, with fixed Majorana parameter α = 1.0 and
fixed Landau parameter F s0 = −3500 for small densities.
We take units where η = 1. The solid colors are real
solutions, while the dotted colors are imaginary. The
vertical line denotes the analytic solution to the
bifurcation point n
(2)
c .
κ˜ =
1
n2
∂n
∂µ˜
∣∣∣∣
T
≈ 4
n2
(
N∗(0)
1 + kF4α + F
s
0
)
(16)
For a derivation, see Appendix A. The compressibility
is positive as long as F s0 > −
(
1 + kF4α
)
. This is rather
different from the case of the LFL, where the minimum
condition for a stable Fermi surface is given by F s0 +1 = 0.
We therefore find that the LML is more stable to Pomer-
anchuk instabilities at attractive interactions than the
LFL. Moreover, up to insignificant constants that we
may ignore for α << 1, we note that this is the exact be-
havior of the attractive interaction we found at the point
of bifurcation if we assume the numerical value of α goes
as the inverse of the Fermi wave vector. This makes sense,
as this would mean that the length scale that determines
particle-particle annihilation (i.e., α) is comparable to
the inter-particle distance. Moreover, the above analysis
leads us to conclude that the first point of bifurcation for
F s0 < 0 signals the onset of a breakdown of the Landau
paradigm in an interacting Majorana-Schwinger liquid.
The ω/q vs. n plots shown in Figs. 3 and 4 illustrate
three regions of interest for F s0 << −1. Region I in
Fig. 3 (right of the vertical line) is the region where the
density is at least comparable to (|F s0 |)3/4α−3/2, and
is described by a heavily Landau-damped zero mode.
In such a regime, the collective Pauli exclusion of the
dense system “protects” the bulk of the liquid from
experiencing massive mutual annihilation and a collapse
of the Majorana-Fermi sea. Region II in Fig. 3 (left of
the vertical line) occurs when n / (|F s0 |)3/4α−3/2, which
results in a negative compressibility and hence a break-
down of the LML. Region III of Fig. 4 (left of the vertical
6line) is the unique region where n / (pi/31/4) · (1/α3/2).
Here, the density of Majorana particles is low enough
such that the annihilation cross section is sufficiently
repressed so as to support a Landau-damped LML for
attractive interactions.
Conclusions. In this paper, we have extended the
formalism of Landau-Fermi liquid theory to a general
system of interacting fermions obeying a self-conjugacy
relation (i.e., the interacting limit of the Majorana-
Schwinger gas29). At zero temperature, the equilibrium
system mirrors the non-interacting system of com-
plex fermions. However, as we perturb the system,
the suppression of LFL quasihole excitations in the
Majorana-Fermi sea manifests itself as an amplification
of the LML quasiparticle effective mass. By intro-
ducing the length-scale α, we can tune this quasihole
suppression to find a Lifshitz transition separating the
crossover between the screened LML and the LFL. The
interaction dependence and density independence of the
dimensionless zero sound parameter s = ω/qvF shows
evidence of an avoided level crossing between collective
modes originating from small and large momentum
transfers. A compressibility calculation confirms that
the point of bifurcation for attractive interactions
signals a Pomeranchuk instability and a breakdown
of the Majorana quasiparticle picture. The explicit
Pomeranchuck instability condition for the Majorana
quasiparticles shows a robust stability of the LML even
for exceptionally large, negative values of F s0 .
We believe such a study provides a simple proposed
model of highly complex materials with unconven-
tional quasiparticle excitations, such as Kitaev spin
liquids11,12,23 and the Kondo insulator SmB6
18,19, where
recent theoretical proposals and experimental evidence
points to Landau-Fermi liquid-like behavior without
adiabatic continuity to the non-interacting Fermi gas.
The Landau-Majorana liquid proposed here is a rigorous
attempt to understand these materials with the well-
established formalism of Landau-Fermi liquid theory,
and provides the first known attempt to derive universal
experimental signatures of many-body Majorana physics
via a description of the interaction dependence and
density dependence of the ` = 0, zero-temperature
acoustic modes.
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Supplemental Material
A Derivation of the Landau-Majorana compressibility and effective mass
We may now derive the Landau-Majorana compressibility. In general, the compressibility is given by
κ =
1
n2
∂n
∂µ˜
∣∣∣∣
T
(17)
We now write down the expression for the partial functional derivative of the LML chemical potential:
∂µ˜
∂n
=
∂˜k
∂k
∂k
∂n
∣∣∣∣
kF
+
1
V
∑
k′σ′
f˜σσ′(k, k
′)
∣∣∣∣
kF
∂nk′
∂k
∂k
∂n
∣∣∣∣
kF
(18)
Where
∂˜k
∂k
∣∣∣∣
kF
=
∂
∂k
(kΘ(k − kF ))
∣∣∣∣
k=kF
= kδ(k − kF )
∣∣∣∣
kF
+
∂k
∂k
Θ(k − kF )
∣∣∣∣
kF
≈ k F(kF , α)(1− F(kF , α))
α
+
∂k
∂k
F(kF , α) (19)
Note that F(k, α) = 1 if we take k − kF >> α and F(k, α) = 1/2 for k − kF << α. Hence,
∂˜k
∂k
≈

∂k
∂k
∣∣∣∣
k=kF
, k − kF >> α
kF
4α +
1
2
∂k
∂k
∣∣∣∣
k=kF
, k − kF << α
If we take the latter case, then
∂˜k
∂k
∣∣∣∣
kF
≈ kF
4α
+
vF
2
=
k2F
8m∗α
+
kF
2m∗
=
kF
2m∗
(
1 +
kF
4α
)
=
v∗F
2
(
1 +
kF
4α
)
≡ v∗M (20)
Where we define for convenience v∗M as the Landau-Majorana velocity.
It is interesting to note that, from the above form of the Landau-Majorana velocity, we could effectively define a
Majorana density of states, and from this obtain the Landau-Majorana specific heat. Much as in the non-interacting
Majorana-Schwinger gas29, the specific heat Cv for the Majorana system has the same temperature-dependence as
the Fermi-Dirac case. Because the temperature-dependence of Cv doesn’t change as we go from a LFL to the LML,
8Luttinger’s theorem is still satisfied in the latter, and thus the Landau-Fermi liquid picture is applicable to our
system.44.
The other quantities in the expression for ∂µ˜∂n are identical to the LFL. We then find that
∂µ˜
∂n
=
∂˜k
∂k
∂k
∂n
∣∣∣∣
kF
+
1
V
∑
k′σ′
f˜σσ′(k, k
′)
∣∣∣∣
kF
∂nk′
∂k
∂k
∂n
∣∣∣∣
kF
≈ pi
2
k2F
{
v∗M +
k2F
2pi2
fs0
}
=
pi2
k2F
{v∗M +N∗(0)v∗F fs0}
≈ 1 +
kF
4α + F
s
0
4N∗(0)
(21)
where N∗(0) = m
∗kF
2pi2 . This leads directly to Eq. (16).
We now move onto the modified Landau parameter for ` > 0. Interestingly, we can write the Majorana compress-
ibility derived above in the form
κ =
2
n2
(
N˜∗(0)
1 + F˜ s0
)
(22)
where we have defined
N˜∗(0) = 2N∗(0) (23)
and
F˜ s0 =
kF
4α
+ F s0 (24)
Looking at the interaction term, we see that
f˜s0 =
kF
4αN∗(0)
+ fs0
=
kF
4αN∗(0)
+
1
2
∫ 1
−1
d(cos θ)fskk′
=
1
2
∫ 1
−1
d(cos θ)f˜skk′ (25)
where we have now defined
f˜skk′ =
kF
4αN∗(0)
+ fskk′ (26)
With this form, we can then see that
f˜s1 =
3
2
∫ 1
−1
d(cos θ) cos θf˜skk′
=
3
2
∫ 1
−1
d(cos θ) cos θ
kF
4αN∗(0)
+
3
2
∫ 1
−1
d(cos θ) cos θfskk′
= fs1 (27)
Without loss of generality, we see that f˜s` = f
s
` for all ` 6= 0.
We now move onto the derivation of the effective mass of quasiparticles in the LML. The energy functional of the
LML is given by
9δE[δn] =
∑
kσ
˜kδnkσ +
1
2V
∑
kk′σσ′
f˜σσ′(k, k
′)δnkσδnk′σ′ (28)
where we have used the picture of ˜k rather than the δn˜kσ picture. With the above, we then see that
δE˜
δnkσ
= ˜k +
1
V
∑
kσ′
f˜σσ′δnk′σ (29)
where we have foregone the spin index in the quasiparticle energy. We now expand the relevant quantities, noting
that q · kˆ = q and q · kˆ′ = q cos θ:
˜k−q ≈ ˜k − q · ∇k ˜k
≈ kf − qv∗M (30)
n0k′−q ≈ n0k′ − q · ∇˜k′
∂n0k′
∂k′
≈ n0k′ − qv∗M cos θ
∂n0k′
∂˜k′
(31)
We therefore see that
δE˜
δnkσ
≈ kf − qv∗M +
1
V
∑
kσ′
f˜σσ′(k, k
′)
{
−qv∗M cos θ
∂n0k′
∂˜k′
}
(32)
Now, note that the current jk = kF /m is given by
jk = − ∂
∂q
(
δE
δnk−q
) ∣∣∣∣
q=0
(33)
Hence,
jk = v
∗
M +
1
V
∑
kσ
f˜σσ′(k, k
′)v∗M
∂n0k′
∂′k
cos θ
= v∗M
(
1 +
F˜ s1
3
)
=
v∗F
2
(
1 +
kF
4α
)(
1 +
F s1
3
)
(34)
where we have used the fact that F˜ s1 = F
s
1 . Therefore, the LML effective mass m˜
∗ is given by
m˜∗
m
=
1
2
(
1 +
kF
4α
)(
1 +
F s1
3
)
≈ kF
8α
(
1 +
F s1
3
)
=
kF
8α
m∗
m
(35)
The ratio of the LML effective mass and the LFL effective mass is then given by
m˜∗
m∗
≈ kF
8α
(36)
This subsequently leads to the expression in the text.
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B Derivation of the Landau-Majorana-Silin kinetic equation and the Majorana-Fermi surface distortion
The general form for the Landau-Majorana-Silin (LMS) kinetic equation is given by
I(n˜k) =
d
dt
n˜k
=
∂
∂t
n˜k − {k, n˜k}PB (37)
Because we restrict ourselves to quasiparticle states just above the Majorana-Fermi surface, the Landau-Majorana
dispersion relation becomes n˜k ≈ Θ'(k − kF )nk, where nk is the Landau-Fermi liquid dispersion, and the Poisson
bracket is given by
{k, n˜k}PB = ∇rk · ∇kn˜k −∇kk · ∇rn˜k (38)
We note the k-dependent term in the Poisson bracket is given by
∂
∂t
n˜k = Θ'(k − kF )
∂
∂t
nk (39)
While
∇k (n˜k) =
{
Θ'(k − kF )∇k + qˆδ(k − kF )
}
nk (40)
In the above equation, the first term is the usual LFL result, except now it is only valid above the Majorana-Fermi
surface. The second term is not seen in the Landau-Fermi system, and is the direct result of some external driving
wave vector q. From the form of the Majorana distribution given in the text, we can see that the external plane wave
perturbation induces a particle-hole term in the qˆ direction that must lead to a divergence in the k-dependent rate
of change of the quasiparticle distribution function. As this term only effects the quasiparticle distribution in the
direction of the particle-hole propagation, we write it as δ(k − kF )nkqˆ. This is opposed to the k-dependent term for
the LFL and in the k > kF regime of the LML, where we lack the constraint of a “sharpened” Fermi surface from
the self-conjugacy condition of the underlying particles, and we hence lack an explicit q-dependence in the gradient
of the momentum distribution. We might also say that, in the LFL, the external perturbation “smears” the Fermi
surface in the direction of qˆ as the result of the propagation of the particle-hole pair, while in the LML we require an
additional term solely in the qˆ-direction to mitigate such “smearing”.
We find that the Poisson bracket becomes
{k, n˜k}PB
= ∇rk · ∇kn˜k −∇kk · ∇rn˜k
= Θ(k − kF ) {k, nk}PB + δ(k − kF )
(
nk
∂k
∂r
)
qˆ · rˆ (41)
This permits us to write the LMS as
I(n˜k) = Θ(k − kF )I(nk)− δ(k − kF )
(
nk
∂k
∂r
)
qˆ · rˆ (42)
The above tells us that the LML collision integral reduces to the LFL result for k > kF . On the Fermi surface, a
divergence occurs relative to the direction of qˆ
We now make the approximation of the Heaviside theta function given in Eq. (3). Hence,
δ(k − kF ) = ∂
∂k
Θ(k − kF )
≈ ∂
∂k
F(k, α)
=
F(k, α)(1− F(k, α))
α
(43)
The LMS then becomes
I(n˜k) = F(k, α)
{
I(nk)− 1− F(k, α)
α
(
nk
∂k
∂r
)
qˆ · rˆ
}
(44)
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The Poisson bracket in the LFL term I(nk) is given by the well-known result
−{k, nk}PB = vk · ∇r
(
δnk − ∂n
0
k
∂k
δk
)
(45)
where vk = ∂k/∂k. The LML contribution may be evaluated in a similar fashion:
−1− F(k, α)
α
(
nk
∂k
∂r
)
≈ −1− F(k, α)
α
(
∂(n0kδk)
∂r
)
(46)
The LMS then takes the form
I(n˜k) ≈ F(k, α)
{
∂
∂t
nk + vk
∂
∂r
(
δnk − ∂n
0
k
∂k
δk
)
− ∂
∂r
({
1− F(k, α)
α
}
n0kδk
)
qˆ · rˆ
}
(47)
Taking a Fourier transform, we find the above reducing to Eq.(6). The unusual lack of angular independence in the
Majorana-specific term in the LMS equation is the direct result of demanding an amplified k-dependent rate of change
at k = kF solely in the direction of an external plane wave perturbation.
We are now in a position to derive the distortions of the Majorana-Fermi surface. First, we write the differential
element δk as
δk = U +
∫
dΩk′
4pi
fkk′δnk′
≡ U +
∫
k′
fkk′δnk′ (48)
Taking the limit of U → 0 and using the fact that the Fermi surface distortion is given by
δnk′ = −∂n
0
k′
∂k′
νk′ (49)
We obtain
νk +
cos θ
cos θ − s
∫
k
fkk′
∂n0k′
∂k′
νk′
+
1
cos θ − s
{
1− f(k, α)
αvF
}
n0k
∂n0k/∂k
∫
k′
fkk′
∂n0k′
∂k′
νk′ = 0 (50)
The last term is specific to the Majorana system. We can simplify it by noting that45
δnk′
δnk
=
q · vk′
ω − q · vk′
∂n0k′
∂k′
δk′
δnk′
(51)
The unscreened and screened limits are discussed in the text. These two limits yield the above to be recast in the
form
∂n0k′/∂k′
∂n0k/∂k
=
δnk′
δnk
νk
νk′
→
{
∂n0
k′
∂k′
νk
νk′
askk′ , ω → 0, q → 0
0, q → 0, ω → 0
Where the quasiparticle scattering amplitude is given by
askk′ ≡ lim
ω→0
q→0
δk′
δnk′
(52)
This leads to Eq. (7). Of particular interest to this paper is the onset of a Lifshitz transition for certain values of the
parameter γ. At this transition, we note that
ηνk
4αvF
(
1
cos θ − s
)∫
k′
fkk′
∂n0k′
∂0k′
askk′ = −νk (53)
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By seeing that
cos θ = s− η
4αvF
∫
k′
fkk′
∂n0k′
∂0k′
askk′ (54)
We are able to reduce the LMS equation to
η
4αvF
∫
k′ fkk′
∂n0
k′
∂0
k′
askk′ − s
η
4αvF
∫
k′ fkk′
∂n0
k′
∂0
k′
askk′
∫
k′
fkk′
∂n0k′
∂0k′
νk′ = 0 (55)
There are two possibilities for this singularity to happen. Either we can have
s =
η
4αvF
∫
k′
fkk′
∂n0k′
∂0k′
askk′ (56)
Or we can have
∫
k′
fkk′
∂n0k′
∂0k′
νk′ =
∫
k′
fkk′δnk′ = 0 (57)
The latter occurs when νk = 0, and thus the non-physical solution. For the former solution, we find that
νk =
cos θ
s− cos θ
 ∫k′ fkk′ ∂n0k′∂k′ νk′
1 + η4αvF
(
1
cos θ−s
) ∫
k′ fkk′
∂n0
k′
∂k′
askk′

=
cos θ
s− cos θ
∫k′ fkk′ ∂n0k′∂k′ νk′
1 + scos θ−s

= −
∫
k′
fkk′
∂n0k′
∂k′
νk′ (58)
This is essentially a linear, homogenous Volterra equation for the function νk. We can map this to a linear
homogenous second order differential equation, where one of the solutions is an exponential as a function of k. The
other solution is for νk = 0, which is what we see in a conventional Landau-Fermi liquid when s = 0. However,
because νk experiences a singularity at these point, νk cannot be zero, and thus the Majorana-Fermi surface distortion
must increase exponentially at the points identified in the text.
C Expressions for the Landau-Majorana zero sound and the Pomeranchuck instability condition in the
density
The equation describing the zero sound renormalized velocity s when s >> 1 is given by Eq. (13). The solutions
s1, s2, and s3 are given below:
s1 =
a0
3v˜
F s0 +
G(1) 3
√
2
3
√
G(2) +
√
F s0
3{(G(2))2 − 4(G(1))3}
+
3
√
G(2) +
√
F s0
3{(G(2))2 − 4(G(1))3}
F s0
3
√
2
 (59a)
s2 =
a0
3v˜
F s0 −
(1 + i
√
3)G(1)
22/3
3
√
G(2) +
√
F s0
3{(G(2))2 − 4(G(1))3}
−
(1− i√3) 3
√
G(2) +
√
F s0
3{(G(2))2 − 4(G(1))3}
24/3F s0
 (59b)
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s3 =
a0
3v˜
F s0 −
(1− i√3)G(1)
22/3
3
√
G(2) +
√
F s0
3{(G(2))2 − 4(G(1))3}
−
(1 + i
√
3)
3
√
G(2) +
√
F s0
3{(G(2))2 − 4(G(1))3}
24/3F s0

= s∗2 (59c)
where we define
G(1)(v˜, F s0 ) ≡ G(1) = F s0 3 + v˜2
(
F s0
2 + 2F s0 + 1
)
(60a)
G(2)(v˜, F s0 ) ≡ G(2) = 2F s0 6 + v˜2
(
3F s0
5 + 15F s0
4 + 21F s0
3 + 9F s0
2
)
(60b)
By assuming a large magnitude |F s0 | of the interaction, we can solve for the Pomeranchuck instability condition by
solving for v˜ when
4
(
9(F s0 v˜ + v˜)
(
F s0
2(−v˜)− F s0 v˜
)
− 9F s0 4
)3
+
(
54F s0
6 + 81F s0
5v˜2 + 405F s0
4v˜2 + 567F s0
3v˜2 + 243F s0
2v˜2
)2
= 0 (61)
which will lead to a vanishing imaginary portion of s2 and s3. Excluding the trivial case of v˜ = 0, we find that
v˜ =
1
2
√
3
2
√√√√−F s0 7 + 14F s0 6 + 93F s0 5 + 212F s0 4 + 233F s0 3 + 126F s0 2 ±√F s0 2(F s0 + 1)9(F s0 + 9)3 + 27F s0
(F s0 + 1)
6
(62)
≈

1
2
√
21− 3
(
F s0
7+
√
F s0
2(F s0+1)
9(F s0+9)
3
)
2F s0
6 ≈ 2
√
3
1
2
√
3
2
√−2F s0 = √32 √−F s0
Invoking the form of v˜ defined in the text, we can then readily solve for the expressions Eqn. (14).
